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The experimental data and correlations derived by Odar and Hamilton have been the
basis of studies that included the history term in the expression of the unsteady drag.
Recent studies have shown that the value of the added mass coefficient is constant and
equal to \)» over a very large range of Reynolds numbers. Recent studies on the history
term have proven that its form is not correct at high Re. However, the experimental data
are accurate at low Re and, most probably, they represent the most reliable set of
experimental data on the unsteady force on solid spheres. We conducted a study to
re-calculate the functional form of the history term in the unsteady equation of motion at
low Re and to derive a new correlation for the so-called “history force coefficient,” Ay.
The new correlation is expressed in terms of the Reynolds and Strouhal numbers of the
particle. © 2010 American Institute of Chemical Engineers AIChE J, 57: 2997-3002, 2011
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Introduction

Several practical applications ranging from coal and drop-
let combustion in boilers and burners to the transport of
aerosols in the atmosphere involve the unsteady motion of
solid and fluid particles. Boussinesql and Basset® first
derived the unsteady equation of motion of a small spherical
solid particle at Re << 1 (creeping flow conditions), which
in terms of the drag force exerted by the fluid on the parti-
cle, F;, may be written as follows:
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where F; is the total force acting on the particle; v; and u; are
the velocities of the particle and the fluid respectively; p the
density of the fluid; ¢ is the time; R is the radius of the sphere;
and p is the viscosity of the fluid. The first term in Eq. 1
represents the friction drag on the particle. The second term is
called “added mass™ or “virtual mass” and accounts for the
fluid that is accelerated or decelerated with the particle. The
last term represents the cumulative effect of the unsteady
motion of the particle on the fluid velocity field and is called
the “history term” or the “Basset term.” Equation 1 is often
times referred to as the ‘“Boussinesq-Basset expression.”
Because a great deal of the practical applications of gas—
solid flows occur at higher Reynolds numbers, several
researchers tried to extend this expression to higher Reyn-
olds numbers. Expressions for the steady drag term at higher
Re were derived from experimental data, as for example, the
expression by Schiller and Nauman,® which is still used
today in steady-state applications. Regarding the transient
terms of the unsteady equation of motion for hydrodynamic
force, Odar and Hamilton* (OH-64) conducted an extensive
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set of experiments and were the first to propose empirical
coefficients for all the terms of Eq. 1, which would make the
equation valid at higher Re. The experiments were conducted
with a 2.5" sphere that oscillated in a tank filled with oil at
stagnant conditions. The Reynolds numbers of the original
experiments were in the range 0-62. OH-64 proposed the
following functional form for the unsteady drag force acting
on a spherical particle:
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where Cp, C4, and Cy are three empirical coefficients, which
were given by correlation functions, derived from experi-
mental data. The product (u; — v;)lu; — v;l in the steady drag
coefficient ensures that this term has the same sign as the
relative velocity of the particle (; — v;). It must be noted that
more recent research (Auton et al.’ ) has shown that the fluid
velocity derivative in the added mass term at the right-hand
side of the equation is the substantial derivative (Du;/Dt). In
the original experiment by OH-64 the fluid is stagnant and this
substantial derivative vanishes. Equation 2 represents the
expression as it was given in the original paper. The revised
equation that was derived in this study (Eq. 13 below) includes
this correction for the added mass term.

Of the three coefficients, Cp is the steady-state drag coef-
ficient. OH-64 used the Schiller and Nauman® correlation for
the steady-state drag coefficient:
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The other functions, C4, and Cy, were obtained by
correlating the experimental data of OH-64. The correlations
proposed are as follows:
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The acceleration number, Ac, which was chosen by OH-64 as
the primary variable for the correlations is defined as follows:
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Following the original study, the empirical equation and the
coefficient correlations were verified in a subsequent paper by
Odar® who used data for the total unsteady hydrodynamic
force exerted by the fluid. Since their publication, the
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expressions for the unsteady hydrodynamic force on particles
have been used in numerous analytical and computational
studies. An extensive treatment on the transient equation of
motion at creeping flow conditions as well as at finite
Reynolds numbers, which includes several more recent studies
that have verified the OH-64 correlations for the total
hydrodynamic force, may be found in a review article by
Michaelides’ and the monograph by Michaelides.®

Regarding the development of the transient equation of
motion of spheres at creeping flow conditions, Faxen’ estab-
lished the influence of the proximity of boundaries and of
non-uniform flow around the sphere. Maxey and Riley'’
used modern analytical techniques and derived the transient,
creeping flow equation for a sphere that includes the history
as well as the Faxen terms in the hydrodynamic drag. The
OH-64 study was conducted before the study by Maxey and
Riley'® and used simply the original formulation of the tran-
sient equation of a sphere as presented by Basset.” It is
rather fortuitous for the OH-64 data, however, that the con-
ditions used in the OH-64 study are such that the Faxen
term contribution to the total hydrodynamic drag are very
small (<1%). Michaelides'' derived an explicit form of the
transient equation of motion by transforming the original
implicit first-order integro-differential equation to a second-
order equation.

At higher Reynolds numbers, Sano'? showed analytically
that the history term decays faster than % in the impulsive
motion of the sphere. Later, Lovalenti and Brady13 derived a
general expression for the history term at finite but small
Reynolds numbers under any type of motion, while Mei and
Adrian" and Mei'® derived an analytical expression of the
history term during the oscillatory motion of a small particle.
Chang and Maxey'® showed numerically that, during the
initial stages of its motion, the history term of a spherical
particle follows the r'/? decay as shown in Eq. 1 even at
significantly higher Reynolds numbers. Finally, Kim et al.'’
proposed a more general convolution integral for this term.
It must be pointed out, however, that all these recent studies
are analytical or numerical and that, up to-date, the OH-64
data remain the only set of detailed experimental data that
calculated the history term of the unsteady equation of
motion of a solid sphere. An extensive review of the all the
developments on the transient equation of motion and heat
transfer from particles at creeping flow conditions as well as
at higher Reynolds numbers may be found in the review
article by Michaelides’ and the monograph by Michaelides.®

The Need to Reinterpret the Odar
and Hamilton Data

Regardless of the results of analytical studies that focused
on the decay of the transient terms, the general practice of
using the OH-64 equation, that is Eq. 2, to describe the
unsteady motion of spherical particles was deemed success-
ful in the past and has been verified by several other studies
as, for example, by Tsuji et al.'"® The calculations emanating
from this expression showed good agreement with sets of
experimental data. However, all these studies used and veri-
fied the total hydrodynamic force and not the three separate
parts of it. Thus, the use of the OH-64 expression became
popular in engineering calculations since the 1970s because

November 2011 Vol. 57, No. 11 AIChE Journal



it yielded accurate results for the total hydrodynamic force, F;.
The reason for this manifested accuracy and the popularity of
the transient expression is the relative ease of calculations with
the aid of computers and the close agreement of the results
with experimental data. The agreement with experimental data
is rather fortuitous and due to the following reasons:

(a) The equation has a sound experimental basis, since it
is a correlation of accurate experimental results and

(b) The equation has been derived from measurements of
the total hydrodynamic force and has always been used in
calculations to determine, again, the total hydrodynamic
force, and not any of its three parts, separately.

It must be noted that the experiments, from which the coef-
ficients of the OH-64 expression as well as other semi-empiri-
cal expressions emerged, measured the total hydrodynamic
force on the sphere under various flow conditions. Then, by a
series of assumptions and deductions, the experimentalists
estimated the three parts of the pertinent expressions and,
hence, determined the three coefficients, Cp, Cy4, and Cy, as
functions of parameters such as Re or Ac. Similarly, for any
verification of the derived expressions in subsequent studies,
the total hydrodynamic force was always computed as a single
entity. All comparisons were performed for the entire com-
puted hydrodynamic force with sets of experimental data,
which were similar to the ones from which the force was
determined in the first place. Therefore, even if the calcula-
tions of the three parts of the hydrodynamic force, separately,
were laden with error, these errors cancelled and the calcula-
tion of the sum of the terms, which is equal to the total hydro-
dynamic force, would have had very low error. Because of
this coincidence in the “determination” and “verification” of
the results, it would have been rather surprising if close
agreement between ‘“‘experiments” and ‘“‘theory’” were not
obtained. This fortuitous agreement is the main reason why
semi-empirical expressions, such as the one by OH-64, are
still considered accurate enough and are being used exten-
sively in the Lagrangian computations of particles during
transient flow calculations. The derived results for the hydro-
dynamic force, as a whole, can be trusted within their range
of applicability because they have a sound experimental basis.

Regarding the three separate terms in Eq. 2, several ana-
Iytical and experimental results have shown that the added
mass coefficient, C4, in Eq. 2 is constant and equal to /.
The origin of this term is from inviscid, potential flow theory
as presented by Poisson'® and there is no a priori reason
for this term to be a function of the Reynolds number or
the acceleration number, Ac. Several analytical studies in the
past confirmed that C, is actually constant for spheres. In
addition, Bataille et al.?® used the experimental technique of
Darwin?! and conducted a series of experiments, which
showed unequivocally that the added mass coefficient is
equal to !/ in the range 0 < Re < 500.

These considerations for the coefficient Cy4, cast significant
doubts that the two last terms of Eq. 2 accurately represent
the added mass and the history term in the unsteady equation
of motion. The coefficient of the first term, Cp, which repre-
sents the steady drag on the spherical particle was deter-
mined by independent experimental steady drag force data
and is considered to be accurate. However, OH-64 measured
the total transient hydrodynamic force in a series of accurate
experiments. Then, they subtracted the steady drag using the
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drag coefficient as expressed in Eq. 3 and, calculated the
sum of the history and added mass terms. Subsequently,
using a series of inferences OH-64 separated the effect of
the other two terms, and derived separate correlations for the
coefficients C4 and Cp. Therefore, the sum of the last two
terms in Eq. 2 stems from accurate experimental data, even
though the inferences that gave rise to the correlations (5)
and (6) may not be correct. If C4 = 1/ for a wide range of
Reynolds numbers, then correlation (6) must be re-evaluated
to yield an accurate expression for the history term.

The study by OH-64 is considered to be the most detailed
experimental study on the transient equation of motion or
spherical particles. Despite the error in the separate determi-
nation of the added mass and the history terms, the experi-
mental data themselves for the total hydrodynamic force, F;,
are accurate. Therefore, it is good to use this set of accurate
and meticulously obtained data in order to obtain a more
accurate representation of the history term. For this reason,
we undertook a study to re-interpret the experimental data
by OH-64 under the light of the more recent studies and the
known, constant coefficient for the added mass term. From
this re-interpretation of the data a new correlation was
derived for the coefficient, Cj, of the history term.

Analysis of the Experimental Data

At first, Eq. 2 was cast in the correct functional form, that
conforms with the subsequent research on the unsteady equa-
tion of motion: this form that uses the substantial derivative
(D/Dt) for the fluid velocity in the added mass term and
appears as follows:

1 1 4
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According to independent experimental data, an accurate
expression for Cp is given by Eq. 3, whereas an accurate
expression for A, is Ay = 1 (or C4 = 1/) for the entire range
of the acceleration and Reynolds numbers of the original data
by Odar and Hamilton. This allowed us to use the entire set of
the original data to determine the functional form of the
parameter Ay in Eq. 8, or Cy in Eq. 2.

The original set of experimental data of the OH-64 study
is not available. For this reason, we followed the original
OH-64 study and ‘“‘back-tracked” through the expressions
they used to calculate their final correlations. The original
study used a solid spherical particle in oscillatory motion
inside a fluid at rest to measure the total transient hydrody-
namic force. We followed the same method OH-64 used to
reduce the original set of data and performed several numeri-
cal “trials” to compute the total hydrodynamic force on the
oscillating sphere with a set of similar frequencies and
motion amplitudes as in the original study. The parameters
used in each trial are shown in Table 1, which follows.

The values of the fluid properties reported in the original
study are: p = 889.07 kg/m® and u = 79.002 Pa s. A
moment’s reflection, however, proves that temperature fluc-
tuations in the originally used system would have resulted in
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Table 1. Particle and Fluid Parameters of the Numerical
Trials to Reconstruct the OH-64 Data

Trial Amplitude Frequency, Maximum Strouhal Maximum
#  of Motion, m 1/s Re Number Ac
1 0.025 0.3 0.07 133 28
2 0.1 1 1.13 39 2260
3 0.1 1 2.25 10 1130
4 0.1 0.2 0.09 1250 36
5 0.1 0.5 0.12 2000 920
6 0.05 2 5.63 0.798 226
7 0.075 1.0472 0.038 238  6.10E + 06
8 0.1 0.1 0.006 1587 69
9 0.5 0.8 0.36 78 214

significant variations of viscosity and lesser variations of
density. We consider that these property fluctuations would
be one of the principal sources of experimental error in the
original study. Although we recognize this as an experimen-
tal uncertainty, in our study we used the values as they are
reported because our intent is to reconstruct the original
experimental data as faithfully as it is possible.

The Strouhal number, S/, which appears in Table 1, is a
dimensionless expression of the characteristic time of the fluids
oscillatory motion divided by the characteristic time of the
particle. The Strouhal number is the parameter that is more
commonly used in the oscillatory type of flow, such as the one
in the original study. In this case, the inverse of the angular fre-
quency of the fluid oscillations, w, was used as the characteristic
time of the fluid for the computation of the Strouhal numbers.

1
§l— L oK oK

wTp - 8wR?p B 167/R?p ©)

where f is the frequency of oscillation (w = 2nf), tp is the
diffusion characteristic time at the length-scale of the particle
(tp = 8R2p/9u). Since we know that the OH-64 equation
applies to rather low frequencies,”'> frequencies of the order
of 1 s~! were used in the nine trials of the present study.

Following the method used in OH-64, we back-tracked their
equations and computed the total instantaneous hydrodynamic
force for 28 time instances in each trial set. Thus, we computed
the total hydrodynamic force, F;, on the oscillating particle for
252 time values, which is approximately equal to the number
of data points in the original set of experimental data. Using
the same expression for Cp as in the original study and the
more accurate expression Ay = 1 (or C4 = /) a new value for
the history force, Fngw, Was computed as follows:

1 1 Du,‘ dV[
FHNEW:Fi_CDTER2§P(Mi—Vi)—AAEmf< )

Di dr
1 Du;  dv; 4 Du; dv;
Ag~ms| ———>) —0.5% - R’ - 10
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Hence, the parameter, Aynew Was calculated for every time
instance in the nine “trials” by the following expression:

Funew
=) (11)
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All the calculations were performed using the program
Microsoft Excel in a personal computer.
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Analysis of the Computed Data

Figure 1 shows the instantaneous values of the parameter
Ay, as it was calculated from the original OH-64 correlation
and as it was computed from Eq. 11 (the revised expression).
The results pertain to the conditions identified as Trials 2
and 3 in Table 1 and are plotted as a function of the instan-
taneous Reynolds number, Re. It is observed that there is a
significant difference in the data calculated by the two
expressions, especially at the lower values of Re. It is also
observed that the points computed by the revised expression,
Eq. 11, exhibit less scatter than the original data, which use
the Ac. Such observations lead to the conclusion that the
Reynolds number is a better parameter to express the func-
tional relationship of the history terms than the originally
used acceleration number, Ac.

Figure 1 is typical of the results obtained and the trends
observed from Eq. 11 for all the trial cases: It is observed
that the original and the revised values of the history coeffi-
cient differ significantly for the entire range of Re. Also, it
is observed that at low Re, the values of Ay are close to the
6 and, at higher Re, Ay approach asymptotically a value that
is approximately equal to 3. The main difference in diagrams
similar to the one of Figure 1 for the other sets of data is the
approximate values of Re where the curve flattens and
becomes almost asymptotic. This is an indication that
another parameter is needed in the functional representation
of Ay vs. Re for the better representation of the data. This
parameter would be similar to a scaling factor. After several
tests and calculations, it was decided that the best parameter
to be used as the scaling factor is the Strouhal number, S/,
defined by Eq. 9. The acceleration number, Ac, which was
used in the original expression did not appear to be a good
parameter for the correlation, because its range in an oscilla-
tory flow is from O to co. The very large values of Ac result
in significant “spikes” in the computed values of the total
hydrodynamic force in the vicinity times given by the
expression: wt = nm, with n being an integer. An inspection
of the original publication by OH-64 confirmed the absence
of any “spikes” in the graphs of the experimental data. For
this reason, S/, which has a finite and relatively narrow range
of values (0-2000), has been used instead of Ac in the re-
vised expression.

7 # Original - Trial 2
6 L ORevised - Trial 2
Dl AOriginal - Trial 3
5 B’f A XRevised - Trial 3
o X A
4 ’"’D’gi)(’*”””*”’*"
¥, a, X A
2 it A
A
1
0 T T : - Y
0 0.5 1 1.5 2 25
Re

Figure 1. Relationship between original coefficient, Ay,
and the revised expression, Aynew, as a func-
tion of Re for the Trials 2 and 3.

November 2011 Vol. 57, No. 11 AIChE Journal



200

an A
150 a =
= ) n
= 100 x
W B ® Au®w
[ 50 -
§ “x ® "
w o | !
£ 50 - L i & . g
e BT ® CTL
-100 . 2 *Original - Trial 2
| DRevised - Trial 2
-160 . X " AOriginal - Trial 3
500 MRevised - Trial 3

0 2 4 6 8 10 12 14
Time, t, s

Figure 2. Total instantaneous hydrodynamic force vs.
time for Trials 2 and 3 for the original and
new computations.

With the aid of the software Table Curve 2D we used the
computed values for Ayngw, derived from Eq. 11, to derive
a correlation Ayngw = f(Re, SI). The best fit of the com-
puted data resulted in the following correlation:

Amiew = 6.00 — 3.16| 1 — exp(~0.14Re SI"2)** | (12)

Accordingly, a semi-empirical transient equation of motion
for solid spheres was put together using the OH-64 recon-
structed data for the history term and the analytical and
empirical equations that have been proven correct for the other
terms. The Auton et al.” expression for the added mass term was
also adopted. This new semi-empirical expression is as follows:

12
Fi=r- (1 +0.15Re" )R p(u; — v;) u; — vi
td(u,-—v,)
1 /4 Du; dv; [
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fo
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where the new coefficients of the history term, Ayngw are
obtained from Eq. 12. Using this new correlation, several more
trials were run to compare the total hydrodynamic force
calculated using Eq. 2 to the total hydrodynamic force
calculated using Eq. 13. We present these comparisons in
the following paragraphs.

Results similar to the ones depicted in Figure 1 showed that
there is a significant difference between the original and the new
value of the history term coefficient. However, there is almost no
difference in the results for the total instantaneous hydrodynamic
force, F;, that are computed using the original and the new
expressions for the total transient force. This is shown in Figure 2,
where the calculated results for the total hydrodynamic force that
emanate from the two expressions are shown for the conditions
identified as Trials 2 and 3 in Table 1. It is observed in Figure 2
that the results for the total transient hydrodynamic force from
the original and the revised expression are almost identical over
almost two cycles of the experimental data.

The relation seen in Figure 2 shows a negligible differ-
ence in the total hydrodynamic force that is exerted by the
fluid on the solid sphere. This is an indication that the calcu-
lated terms for the new history term coefficient and the
reconstructed relationship for the total hydrodynamic force,
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Figure 3. Absolute fractional difference of the total in-
stantaneous hydrodynamic force resulting
from the OH-64 expression and the new
semi-empirical expression under the condi-
tions of Trial 3.

which is presented as Eq. 13, is faithful to the original data
by Odar and Hamilton.* Thus, the new expression that is
derived from these calculations, Eq. 13, is also faithful to
the original data.

A good way to determine the agreement of two expres-
sions is to calculate the fractional absolute difference, FAD,
between them. In this case, the fractional absolute difference,
FAD, is expressed as a percentage and defined as:

FAD = 100 % (14)

Fi_FiNEW‘

i

Figure 3 depicts the FAD using data from Trial 3. It is
apparent in this figure that the absolute fractional difference of
the calculated results from the original and the new
expressions is very low, typically <5%. This is certainly
within the limits of the experimental error of the original data,
which was of the order of 10%. It is also observed that the
highest fractional difference in the computations is in the
vicinity wt = n7 (n is an integer), where the acceleration term
in the original expression, Ac, approaches infinity. This is
another indication that Ac is not the best parameter to use in
the correlation function of the transient hydrodynamic force.

Figure 4 depicts the values of the history term as calcu-
lated by the OH-64 correlation and by the revised expression

40
) /
20

o e
[ T

N
«

-40 T T T |
-40 -20 0 20 40

Fy, from Equation 2

Fy, from Equation 13

Figure 4. History force terms calculated by the OH-64
method and by Eq. 10.
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Figure 5. The direct relationship between the total
hydrodynamic force using Egs. 2 and 13. The
slope of the line is equal to 1.

of Eq. 10 for the conditions of Trial 6. The solid line has
slope equal to 1 and is the locus of equal values. It is
observed that the most of the points of the graph are close to
the line, but they do not lie on it. This implies that the cal-
culated values for the history term from the two expressions
do not differ a great deal and that for several of the condi-
tions in this trial there is significant difference in values that
are calculated from the two expressions. This difference is in
general in the range 2-15%, but it extended to 60% in a few
cases.

Although the values of the new correlation for the history
term do not closely agree with the original correlations by
OH-64, comparisons of the values for the total hydrody-
namic force, F;, prove that the two correlations give almost
identical values. This is depicted in Figure 5, which shows
the calculated total hydrodynamic force for the conditions of
Trial 6. As in Figure 4, the solid line in this figure also has
slope equal to 1 and represents the locus of the points of
equal values. It is observed that all the points lie on this
locus and this implies that there is very good agreement for
the calculated total hydrodynamic force from the two meth-
ods by OH-64 and Eq. 13.

Conclusions

The OH-64 experimental data set is the most extensive
and accurate set of experimental data on the transient hydro-
dynamic force on a solid sphere. However, the expressions
derived in the original study suffer from the drawback of an
erroneous assumption on the functional form of the added
mass term. A set of the data for the total hydrodynamic
force was reconstructed, following the computations of the
original experimental study. From the reconstructed data, a
new correlation for the history term was derived, which
more accurately represents the currently used functional
form of the added mass and the history terms. The analysis
showed that the function of the history term is better corre-
lated with the Reynolds and Strouhal numbers, rather than
the acceleration number, which was used originally. The
results show that total hydrodynamic force acting on a

sphere accelerating in a viscous fluid may be accurately cal-
culated by the new transient force semi-empirical correlation
in the ranges of 0 < Re < 5 and 0 < S/ < 2000.
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